ORTHOGONALITY AND DOMINATION IN UNSTABLE THEORIES 



ALF ONSHUUS AND ALEXANDER USVYATSOV 

Abstract. In the first part of the paper we study orthogonality, domination, weight, regular 
and minimal types in the contexts of rosy and super-rosy theories. Then we try to develop 
analogous theory for arbitrary dependent theories. 



1. Introduction and preliminaries 

There are several questions that motivated this research. First, it is natural to extend the 
concepts of domination, regularity and weight to rosy theories (as it has already been done in the 
simple unstable context). One reason for doing this is "coordinatization" theorems: one would 
like to analyze an arbitrary type in terms of types that can be studied and classified more easily: 
regular (admit a pregeometry) , minimal, etc. We prove several results of this kind in section 3. 
These provide a complementary picture to the recent work of Assaf Hasson and the first author 
[3] where minimal types in super-rosy theories are investigated. For example, the two articles 
combined throw some light on types in theories interpretable in o-minimal structures. 

Another motivation came from our desire to understand and develop the concept of strong 
dependence (^Oj). It has recently become clear that this notion is strongly connected to weight. 
In [H] the second author shows that every strongly dependent type has rudimentary finite 
generically stable weight. Hence a stable theory is strongly dependent precisely when every 
type has finite weight. The latter conclusion has also been observed by Adler in p], as he 
studied the notion of "burden", which generalizes weight and makes sense in any theory. A 
related concept (within the context of dependent theories) is investigated by the authors in [8]. 
A natural question that arises is: given a dependent theory with a good enough independence 
relation, does strong dependence always imply finite "weight" ? More precisely, we analyze the 
following two questions in this article. Is thorn-weight finite in a strongly dependent rosy theory? 
Is there a natural notion of forking weight in an arbitrary dependent theory, and what is the 
connection to strong dependence? We give a positive answer to the first question in section 2, 
and address the second one in section 4. 

Several directions pursued in this paper require a delicate analysis of existence of mutually 
indiscernible (sometimes Morley) sequences. Claims of this form are proved in section 2 (in 
rosy context) and section 4 (for dependent theories). We find these results of interest on their 
own and believe that they might have further applications. One interesting consequence of our 
analysis which has several applications beyond the study of weight is that in a dependent theory 
dividing (say, over an extension base) can be always witnessed by a Morley sequence. 

The paper is organized as follows: 
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We start by defining notions related to forking and Jj-forking, quoting some of the relevant 
results and proving others that will be needed throughout the paper. 

Most of the paper is devoted to understand Jj-orthogonality and the role of Ij-regular and min- 
imal types in rosy, super-rosy, and finite U^-rank structures. We show many results analogous 
to those in stable (and simple) theories, and conclude with a strong decomposition theorem for 
types of finite rank in rosy theories. As we have already mentioned, this result suggests that 
analysis of minimal types (as is done e.g. in [3J) leads to understanding of all types in a rosy 
theory of finite rank (e.g., a theory interpretable in an o-minimal structure). 

Section [2] gives proofs of certain basic results on thorn- weight, thorn-domination and regular- 
ity. Many of these proofs follow the lines of classical ones, but we still go through them carefully, 
and where the proofs diverge, we give alternative proofs for the Jj-forking context or explain how 
to bridge the gaps. In this section we also connect thorn-weight to strong dependence and show 
that every type in a strongly dependent rosy theory has finite thorn- weight. 

We have recently learnt that Hans Adler has also written (in an unpublished note) a proof 
of the fact that in a rosy theory, rudimentarily finite Jj-weight implies finite Jj-weight (Theorem 
I2.2ip . Both his and our proofs of this particular fact are mostly based on Wagner's argument 
[T4] for simple theories, which is itself a generalization of Hyttinen's results [4J in the stable 
context. 

In contrast, the analysis of finite-rank theories in Section [3] is not close to the existing proofs 
for stable and simple theories. Several useful technical tools applicable in this and related 
contexts are developed, the main one being Proposition 13.61 We believe that these tools should 
have many applications. 

Finally, in Section [4] we finish the paper by investigating sufficient conditions for existence 
of mutually indiscernible sequences in dependent theories and draw certain conclusions about 
the meaning of strong dependence, the behavior of forking and concepts related to weight. In 
particular it is shown that dividing in a dependent theory can normally be witnessed by a Morley 
sequence. 

1.1. Notations and Assumptions. Given a theory T, we will work inside its monster model 
denoted by £. By "monster" we mean that all cardinals we mention are "small" (i.e. smaller 
than saturation of C), all sets are small subsets of G^, all models are small elementary submodels 
of e^, and truth values of all formulae and all types are calculated in £. We denote tuples (finite 
unless said otherwise) by lower case letters a, b, c etc, sets by A, B, C etc, models by M, A'' etc. 

By a =A b we mean tp(a/^) = tp{b/A). Recall that this is equivalent to having a € Aut{<t/A) 
satisfying a{a) = b. 

Given an order type O, a sequence I = {ai : i ^ O) and j G O, we often denote the set 
{oj : i < j} by a<j. Similarly for a<j,a::>j etc. We also often identify the sequence I with the 
set U/; that is, when no confusion should arise we write tp(a//) etc. 

We will write a J^^ B for "tp(a/^-B) does not fork over A" even if T is not simple. Although 
non-forking is generally not an independence relation, we still find this notation convenient. 

For simplicity we assume T = T^'^ for all theories T mentioned in this paper. 

1.2. Jj-forking. Since a big part of the paper deals with t>-forking and its properties, we will 
now define the basic concepts related to this notion. The following definitions and facts can be 
found in f^. 
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Definition 1.1. Let (p{x,y) be a formula, b be a tuple and C be any set. Then we define the 
following. 

• ip{x, b) strongly divides over D if b is not algebraic over D and the set 

{'P{x,b')}b'\=tp{b/D) 

is k-inconsistent for some A; E N. 

• <f{x, b) t>-divides over C if there is some D Z) C such that (p{x, b) strongly divides over 
D. 

• <f{x, b) Jj-forks over C if there are finitely many formulas ipi{x,bi), . . . , ^n{x, &n) such 
that ip{x, b) h Vj bi) and tpi{x, bi) p-divides over C for 1 < i < n. 

We will define a theory to be rosy if it does not admit infinite t>-forking chains. 

Naturally, we say that a (partial) type Jj-divides/forks over a set A if it contains a formula 
which Jj-divides/forks over A. 

It is convenient to make definition of strong dividing for types slightly more tricky, since by 
making sure that the strongly dividing type uses "all" the parameters we are able to use algebraic 
closure much more efficiently. We begin with the following definition in the particular case of a 
type over a finite set. 

Definition 1.2. Letp{x,b) be a (partial) type over a finite tuple b. We say thatp{x,b) strongly 
divides over a set D if there is a formula (p{x, b) S p{x, b) which strongly divides over D. 

Remark 1.1. Notice that the definition of strong dividing (for formulas) implies the following. 

(i) If (/?(a;,a) strongly divides over A, then for every b \= ip{x,a) we have tp{a/Ab) is 
algebraic (whereas tp{a/A) is nonalgebraic) . 

(ii) ip{x, a) strongly divides over A if and only if 

• a ^ acl{A) 

• For every infinite nonconstant indiscernible sequence {ai : i < uj) in tp(a/74), we 
have {(p{x,ai): i < cj} is inconsistent. 

(iii) Let a,b,A be such that a ^ acl{A). Then tp{b/Aa) strongly divides over A if and only 
if for any b' \= tp(5/^a) we have a G acl{Ab'). 

(iv) If (p{x,a) strongly divides over A and B D A is such that a ^ acl{B) then ip{x,a) 
strongly divides over B. 

Proof. (i) Suppose if{x,a) strongly divides over A (so in particular a ^ acl(A)), and let 
b \= <f{x, a). By the definition, there are only finitely many ai, . . . , Ok-i (say, ai = a) 
in tp(a/^) such that (p{b,ai). In particular, there are only finitely many realizations of 
tp{a/Ab), as required. 

(ii) The "only if" direction is clear. For the "if" direction, suppose that Lp{x, a) does not 
strongly divide over A, but a acl(^). Then for every k < u) there is a subset 
{ai, . . . , Ok} of ip{a/A) such that 3x A^=i ^{x, Oi). By compactness, for any cardinal ^ 
there is a sequence {aa : a < /i) of realizations of tp(a/^) such that ^x f\^^-^ if{x,aai) 
for every ai < . . . < < /i. By Fact 11.131 there is such an infinite (nonconstant) 
indiscernible sequence. 



4 



ALF ONSHUUS AND ALEXANDER USVYATSOV 



(iii) The "only if" direction follows from (i). 

On the other hand, assume that a ^ acI(A), tp{b/Aa) does not strongly divide 
over A, but for any b' \= tp{b/Aa) we have a E acl{Ab'). By (ii), for every formula 
(p{x,a) £ tp{b/Aa) there is an indiscernible sequence {ui : i < uj) in tp{a/A) such 
that {if{x,ai): i < w} is consistent. Let p{x,a) = tp{b/Aa). By compactness, there 
is an indiscernible sequence {ai : i < to) in tp(a/>l) such that q{x) = \Ji^^pix,ai) is 
consistent (and, moreover, = a). Let b' \= q{x). Clearly a = oq ^ acl(j46'), since 
ai =Ab' oo for all i. This contradicts the assumptions. 

(iv) follows easily from (ii). 

□ 

In view of (iii) above, we define in general 

Definition 1.3. A type tp{b/B) strongly divides over A if B is nonalgebraic over A, but is 
algebraic over Ab' for every b' \= tp{b/A). 

It may be good to point out that the definition of p{x, a) strong dividing over A is not 
equivalent to having a strong dividing formula. The main point is that strong dividing is quite 
sensitive to the parameters we name, which is not very common in model theory (it is not closed 
under elementary equivalence) but which is quite useful when working with Jj-forking. 

Recall that a formula ip{x,y) is called stable if it does not have the order property (see |13J). 

Fact 1.2. // a stable formula if{x,y) witnesses that a type p{x,a) forks over A, then there is a 
ip-formula witnessing thatp{x,a) p-forks over A. 

In particular, in any stable theory the concepts of p-forking and forking coincide. 

Proof. This is Lemma 5.1.1 in [7j. □ 

As with stable theories, for many of our results we will need the existence of a global rank 
based on the independence notion, which in this case corresponds to J)-forking. 

Definition 1.4. Let M be a model. We will define the U^-rank to be the foundation rank of 
the order given by the p-forking relation on types consistent with M . A theory T will be called 
super-rosy whenever the U^-rank of any type in any model ofT is ordinal valued. 

Fact 1.3. Let T be a super-rosy theory and let a,b,A be subsets of a model M ofT. 
Then 

{tp (b/aA)) + {tp (a/A)) < {tp (ab/A)) < {tp (b/aA)) © {tp {a/ A)) . 

Proof. Theorem 4.1.10 in |7j. □ 

We will need the following easy but important Observation. It will allow us to understand 
how far we need to extend the types to get Jj-dividing from Jj-forking and strong dividing from 
Jj-dividing; it will be key for the proof of the decomposition theorem for a type of finite Jj-rank 
in Section m The proof is quite close to the proof of Lemmas 3.1, 3.2 and 3.4 in [2j. However, 
we prove (and need) a slightly different result, so we include a proof. 

Observation 1.4. Let M be a model of a rosy theory T, and let a,b,A be tuples (and 
sets) in M . Then the following hold. 
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(i) Let p{x,a) be a type over Aa which p-forks over A. Then there is a non-p-forking 
extension p{x, a, a') ofp{x,a) such that p{x,a') p-divides over A. 

(ii) Let a, h he elements and A he a set such that tp(h/Aa) p-divides over A. Then there is 
some e such that ^ J^^^ e and such that tp{b/Aea) strongly divides over Ae. 

In particular, iftp{b/Aa) is a type of ordinal valued U^-rank, then {tp{b/ Aae)) < 
U\tp{b/Ae)). 

Proof, (i) Let o) be as in statement (i) of the Observation and let b j= p{x, a). 
By definition, there are finitely many formulas (fi{x,ai) such that 

n 

p{x,a) h \y ^Pi{x,ai) 

i=l 

and if{x,ai) Jj-divides over A. By extension of Jj-independence we know that there are 
a'l' • • • > «n N tp(ai • • • an/Aa) such that b ^^^^ a[ . . . a'„. 

So t'p{b/Aaai . . . a'^) h (pmix, a'^) for some m; defining a' := and p{x, a, a') := tp{b/Aaa'), 
we get by construction that p{x, a, a') satisfies the statement of the Observation. 

(ii) Let a, b and A be as in statement (ii) of the Observation. By definition of Jj-dividing there 
is some e' and some ip{x,a) € tp{b/Aa) such that (/9(x,a) strongly divides over Ae' . Note that 
in particular a acl(^e'). 

Let e \= tp(e'/^a) be such that & J^|^^e. Since e |= tp(e'/j4a), strong dividing is preserved. 
Moreover, a ^ acl(^e), hence by the definition (alternatively, by Remark ll.ll fv)). tp(6/Aae) 
strongly divides over Ae. 

□ 

Finally, we will prove the following well known fact. 

Fact 1.5. Leta^^^B. Then there is a p-Morley sequence I over B based on A starting with 
a. 

Proof. First, construct a non-Jj-forking sequence I' = {a[ : i < fj,) in tp{a/B) based on A starting 
with A by the standard construction, that is, Cg = a, a'^ =b a, a'- J^|^-Ba'^j. Moreover, make 
IJ, large enough so that using Erdos-Rado (more precisely, Fact 11.131 see also Remark I1.14p one 
can find / which is an cj-sequence, i?-indiscernible and every n-type of I over B "appears" in 
Clearly / is a J)-Morley sequence over B based on A. Moreover, since every element of /' 
satisfies tp(a/S), so does every element of /, so by applying an automorphism over B we may 
assume that / starts with a. □ 

1.3. Dependent theories and generically stable types. Recall that a theory T is called 
dependent if there does not exist a formula which exemplifies the independence property. We 
are mostly going to use the following equivalent definition: 

Fact 1.6. T is dependent if and only if there do not exist an indiscernible sequence I = {ai : 
i < X) , a formula (p{x,y) and b such that both 



{i: \=ip{ai,b)} 
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and 

{i: ^^ip{ai,h)} 

are unbounded in A. 

In section 4, we will work with the classical Shelah's notions of dividing, forking and splitting 
from [13| . Definitions and a quick summary of properties can be found in section 2 of In 
particular, we will use the following easy (but important) consequence of dependence (due to 
Shelah, [9]). 

Fact 1.7. (T dependent) Strong splitting implies dividing (and therefore forking). 

We will now define and give the basic properties of generically stable types. 

Definition 1.5. We call a type p £ S(^) generically stable if every Morley sequence in it is an 
indiscernible set. 

The following key properties of generically stable types can be found in 

Fact 1.8. (T dependent) 

(i) p € S{A) is generically stable if and only if some Morley sequence inp is an indiscernible 
set. 

(ii) Let p be a generically stable type. If p € S(A), then it is definable over acl(yl). If p is 
definable over A (e.g. A = acl{A) ), then p is stationary (in the sense that it has unique 
non-forking extensions). 

(iii) Letp be generically stable. Non-forking defines on the set of realizations ofp a stable in- 
dependence relation (that is, a relation satisfying all the axioms of a stable independence 
relation). 

Note that generic stability is not necessarily closed under extensions. 

1.4. Strong dependence and dp-minimality. The following definitions were motivated by 
the notions of strong dependence of Shelah (see e.g. [10]) and appear in [11] and In the 
definitions below we denote tuples by x, a (in order to stress the difference between singletons 
and finite tuples of arbitrary length). 

Definition 1.6. 

(i) A randomness pattern of depth k for a (partial) type p over a set A is an array {bf : a < 
Hi,i < Lo) and formulae ipaix,ya) for a < k such that 

(a) The sequences 1°^ = {bf : i < uj) are mutually indiscernible over A, that is, I" is 
indiscernible over 

(b) len(6f ) = len(y„) 

(c) for every r] £ '^uj, the set 

^■q = {^a{x, V^{oi) : a < k} U {^(pa{x, bf) a < K, i < 00 , i ^ ^(«)} 
is consistent with p. 

(ii) A (partial) type p over a set A is called strongly dependent if there do not exist formulae 
fa{x, Va) for a < LO and sequences {bf : i < to) for a < u> mutually indiscernible over A 
such that for every r] G ^co, the set 

Tr? = Wa{x, b'^^^-^ : a <uj}U {^(pa{x, bf): a < uj,i ^ 7/(a)} 
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is consistent with p. 

In other words, p is called strongly dependent if there does not exist a randomness 
pattern for p of depth n = uj. 

(iii) Dependence rank (dp-rk) of a (partial) type p over a set A is the supremum of all n 
such that there exists a randomness pattern for p of depth k. 

(iv) A (partial) type over a set A is called dp-minimal if dp-rank of p is 1. 

In other words, p is dp-minimal if there does not exist a randomness pattern for p of 
depth 2. 

(v) A theory is called strongly dependent/dp-minimal if the partial type x = x is (here x is 
a singleton). 

(vi) Let T be dependent. A type p is called strongly stable if it is strongly dependent and 
generically stable. 

Remark 1.9. Note that Shelah basically shows in ^0] Observation 1.7 that if there exists a 
type p{x) which is not strongly dependent, then there exists such a type p'{x) with x being 
a singleton. Therefore if there exists an non-strongly dependent type, then T is not strongly 
dependent and the definitions above make sense. 

Note that if in the definition of a randomness pattern all formulae are the same, we get the 
independence property: 

Observation 1.10. A theory T is dependent if and only if it does not admit a randomness 
pattern of some/any infinite depth with ipa{x,y) = ip{x,y) for all a if and only if T does not 
admit a randomness pattern of depth \T\~^ . 

Proof. By compactness. □ 

A related notion, which will be convenient for us to consider, was investigated by Adler in 
[1]. We are going to use a slightly different terminology (some of it comes from [8]). 

Definition 1.7. 

(i) A dividing pattern of depth k for a (partial) type p over a set A is an array {bf : a < 
K,i < Lo) and formulae ipaix,ya) for a < k such that 

(a) The sequences I" = (6f : i < uj) are mutually indiscernible over A, that is, I" is 
indiscernible over 

(b) len(6n = len(y,) 

(c) for every r/ G '^oj, the set 

{(Pa{x, 5^(a) : a < k} 

is consistent with p. 

(d) for every a < k there exists < OJ such that the set 

{(pa{xX): i < uj} 

is ka-inconsistent with p. 

(ii) A (partial) type p over a set A is called strong if there does not exist a dividing pattern 
for p of depth k = uj. 

(iii) A theory is called strong if every finitary type is strong. 



8 ALF ONSHUUS AND ALEXANDER USVYATSOV 

Remark 1.11. Note that by mutual indiscernibility in clause (c) of the definition of a dividing 
pattern it is enough to demand that the set 

{(/?Q,(x,6o): a < k} 

is consistent with p. 

The reader is encouraged to have a look in [T] for the discussion of strong theories. A theory 
is strong and dependent if and only is it is strongly dependent (as suggested by the name), and 
this is mostly the case we are interested in in this article; but there are also strong theories 
which are simple unstable, and even SOP2. 

The following easy Lemma was proven by the authors in [8] in order to establish the connection 
between randomness and dividing patterns. It is also implicit in some proofs in m. We include 
the proof for completeness. 

Lemma 1.12. (i) Let p{x) be a type over a set A, let I = {bi)i^o be a sequence indis- 

cernible over A, and let (p{x, y) be a formula such that p{x) U <f{x, hi) is consistent for 
some (all) i and {(/^(x, 6j)}jgo is k-inconsistent for some k £N. Then 

p{x) U {ip{x, bi)} U bi)}i^i 

is consistent for all I. 

(ii) Let p{x) be a type over a set A, n < to and let {bf : a < n,i < uj), {(paix^ya)'- a < n} 
be a dividing pattern for p over A of depth n. Then there exists a randomness pattern 
for p over A of depth n; in fact, the randomness pattern is given by the same array and 
collection of formulae. 

(iii) Clause (ii) holds also when the depth n < uj is replaced with any cardinal k. 

Proof. (i) Without loss of generality let us assume that O = Q and / = 0. Assume also 
that k is minimal such that the set A = {{p{x,bi): i £ Q} is ^-inconsistent. By the 
assumptions A; > 1. 

By indiscernibility it is enough to show that the set 

{(p{x, bo)} U {^fix, 6i) : i G Z, i / 0} 

is consistent. Since A is (A; — l)-consistent, the set 

{ipix, bo)} U {(p{x, b^): 1 <i < k} 

i + l 

is consistent, realized by some d. But A is ^-inconsistent, so clearly 

d \= {(p{x,bo)} U {ip{x,b^): I < i < k} U {^Lp{x,bi): i G Z,i / 0} 

i + l 

and we are done. 

(ii) A very similar proof (working with /\^ ^a{x, b^) instead of ip{x, bo)) is left to the reader. 

(iii) By clause (ii) and compactness. 

□ 
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1.5. Morley-Erdos-Rado. We will make use of the following classical result (originally due to 
Morley, although often is referred to as "Erdos-Rado argument", since it is an easy consequence 
of Erdos-Rado theorem and compactness): 

Fact 1.13. Let X be a cardinal. Then there exists /i > A such that for every set A of cardinality 
A and a sequence of tuples {ai : i < n) there exists an tu-type q{xo,xi, • • • ) of an A-indiscernible 
sequence such that for every n < uj there exist ii < ^2 < • • • < *n < ^ such that the restriction 
of q to the first n variables equals tp(aj^ . . . ai^ /A). 
We will sometimes denote jj, as above by /i(A). 

Remark 1.14. Let ^ be a set, A C B, I an A-indiscernible sequence. Then there exists /', 
/' =A I, I' indiscernible over B. 

Proof. First extend I to be long enough so that Fact II .131 can be applied to it with A = + |r|. 
Then there exists /' indiscernible over B such that every n-type of /' over B "appears" in I. In 
particular I' has the same type over A as I (since / was j4-indiscernible and A C B). □ 

2. P-ORTHOGONALITY AND P-REGULARITY IN ROSY STRUCTURES. 

The first part of this section is devoted to develop the analogue notions of domination, or- 
thogonality, weight and regularity in the Jj-forking context and the properties such notions have 
under different hypothesis. In the mean time we will show the relation with strong dependence. 

Throughout the section we will assume that T is rosy. 

Definition 2.1. We define the following. 

• Two types p{x) and q{x) are weakly Jj-orthogonal if they are defined over a common 
domain B and for every tuple a \= p' and b \= q' we have a J^^ b. This is denoted by 

P -i-t q. 

• Two types p and q are Jj-orthogonal if every non-p-forking extensions p' and q' of p and 
q respectively to a common domain are weakly p-orthogonal. This is denoted by p q. 

• Let A be a set, a,b tuples. We say that a }3-dominates b over A if for every c we have 
b c implies a c. In this case we write b <l^ a. 

• We say that a, b are th-domination equivalent over A if they dominate each other over 
A. Clearly, this is an equivalence relation. In this case we write a cxi^ b. 

• Letp{x) andq{x) be types over A and B respectively. We will say thatp{x) Jj-dominates 
q{x) if there are a, b realizations of p and q respectively such that a J_,^ B, b J^^ A and 

b <l^u_B ^- ^ — -'^C'V ^^^^ P p-dominates q over A. 

• We say that types p and q are l^-equidominant if there are non-forking extensions p' , q' 
of p,q respectively to a common domain C and realizations a' \= p' ,b' \= q' which are 
domination equivalent over C . In this case we write p q. 

Remark 2.1. Note that equidominance is not (in general) an equivalence relation on types. Note 
also that if two types dominate each other, they are not necessarily equidominant (even if the 
domination is over the same set of parameters A), not even in stable theories. The problem is 
that whereas dominance on elements (over a set A) is transitive, dominance on types is generally 
not. See section 5.2 of [H] for further discussion of this matter and examples. 
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Now we define Jj-pre- weight and Jj- weight of a type p. We will denote them by pwt^{p) and 
wt^(p). Note that Fact 11.21 implies that in stable theories Jj- weight coincides with the usual 
notion of weight. 

Definition 2.2. 

• Letp{x) be any type over some set A. We will say that a, {bi)2^i witnesses pwt^{p{x)) > 
n ('Jj-pre-weight of p is at least n) if a \=p{x), is A-p-independent and a J^^^hi 
for all If n is maximal such that such a witness exists, we will say that a, 
witnesses pwt^{p{x)) = n and that p has Jj-pre-weight n. 

• We say that a type p has finite p-pre-weight ifpwt^{p) < uj. We say that a type p has 
rudimentary finite p-pre-weight if one can not find an infinite witness {hi: i < uj} as in 
(i) above. 

• Let p{x) be any type over some set A. We will say that a, B, {bi)"^^ witnesses 
wt^{p{x)) > n fjj-weight of p is at least n) if a \= p{x), aJ^^-B, (^i)?=i B-p- 
independent and a J(^^ hi for all Ifn is maximal such that such a witness exists, we 
will say that a,B, witnesses wt^{p{x)) = n and that p has Jj-weight n. 

• We say that a type p has finite p-weight if wt^{p) < uj. We say that a type p has 
rudimentary finite p-weight if every non-p-forking extension of p has rudimentary finite 
pre-weight. 

It follows from the definition that wt^(p) > n if and only if there exists a non-Jj-forking 
extension of p with Jj-pre- weight at least n. 

Notice also that one could define infinite t>-pre-weight and weight as usual, but we will be 
concerned only with finite Jj-weights in this paper. 

2.1. Finite Jj-weight and strong dependence. Let us first make the obvious connections 
between Jj- weight and the notion of cc-la-forking studied in [8]. 
We recall the definitions. Note that the variable x is a singleton. 

Definition 2.3. 

(i) We say that a tuple {(pi{x,a''))i^n o,nd a set A witness n-crisscrossed strong- 
dividing (n-cc-strong-dividing) if \= 3x f\^Lpi{x,a}), (pi{x,a^) strong divides over A and 

^^(a^)jVj for all i. 

(ii) We say that a tuple {ipi{x,a^))i^n and a set A witness n-crisscrossed Jj-dividing (n- 
cc-p-dividing) if \= 3x /\,- ipi{x , a^) , ipi{x,a'') p-divides over A and a' J^^(o-^)jyi for all 
i. 

(iii) We say that a tuple {ipi{x,a^))i^n and a set A witness n-crisscrossed J)-forking (n-cc-p- 
forking) if \= 3x /\j fi{x, a*), (pi{x, a*) p-forks over A and a* J^^(a-')jyj for all i. 

(iv) We say that T admits n-cc-p-forking (or p-dividing or strong dividing) if there exists a 
tuple {(pi{x,d''))i^n witnessing n-cc-p-forking (or p-dividing or strong forking) over A. 

(v) Let p be a 1-type over a set A. We say that a tuple {(pi{x,a^))i<^n witnesses n — cc\>- 
forking (or p-dividing or strong dividing) in p if {(pi{x, a''))i<^n, A witness n-cc-p-forking 
(or p-dividing or strong dividing) and the formula f\-(fi{x,a'^) is consistent with p. 
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(vi) We say that a type p G 'S'i(^) admits n-cc-p-forking (or p-dividing or strong dividing) 
if there exists a tuple {ipi{x,a^))i^n witnessing n-cc-p-forking (or p-dividing or strong 
dividing) in p. 

Remark 2.2. The following follow straight from the definitions. 

(i) T admits n-cc-Jj-forking if and only if there exists a set A and a type p £ S{A) which 
admits n-cc-Jj-forking. 

(ii) Let T be rosy Then a type p € Si{A) does not admit n-cc-J)-forking if and only if it 
has pre- 1)- weight less than n. 

(iii) So a rosy T does not admit n-cc-Jj-forking if and only if every 1-type has pre-t)-weight 
less than n if and only if every 1-type has Jj-weight less than n. 

The following is shown in |8j. For completeness we include the proof in the appendix, see 
[AH 

Fact 2.3. The following are equivalent for any p G Si{A). 

(i) p admits n-cc-p-forking. 

(ii) p admits n-cc-p- dividing . 

(iii) There is an extension p{x , B) of p{x) such thatp{x,B) admits n-cc-strong dividing. 

The main goal of this subsection is to characterize, in rosy theories, strong dependence in 
terms of the Jj-pre- weight. In order to do this, we will need to prove existence of mutually 
t)-Morley sequences. The procedures will also bring some light as to what is needed in order 
to characterize strong dependence within dependent theories (or Adler's "strongness" within 
arbitrary theories) in terms of weight with respect to some independence notion. 

Observation 2.4. Let {P : i < n} he sequences such that P is a p-Morley sequence over AI^^ 
based on A. Then P is a non-p-forking sequence over AI^^ based on A. 

Proof. We need to prove that a* J^^a^jl^* where we define /* = (a* : j < ^i). 

By the assumptions, a* J^|^a<j-^^* for all Hence by transitivity and finite character of 
J)-forking, we have J^|^-^~* for ^) iii particular J^|^a<j^^* for all By transitivity 
again, combining a* ^'^a<j^^* and X|^a<j-^^*: we have a<^- ■ 

Therefore, since a* J^|^a<j, we get a* J^|^ a<j-?^^*, as required. □ 

Lemma 2.5. Let {a* : i < n} he a set of tuples and let {P : i < n} he sequences such that 

• For each i < n the sequence P is AI^^ a^'' -indiscernible. 

• P .starts with a*. 

Then there exist sequences {J* : i < n} such that 

• For each i < n the sequence P is A J^"^ -indiscernible. 

• =Aai ■ So in particular, P starts with a* . 

Moreover, if P are p-Morley sequences over Al'^'^a?"^ based on A, then we can make J* Morley 
over AI^^ based on A. 

Proof. Exactly the same construction is used to prove both parts of the Lemma. To avoid being 
repetitive, we will prove the "moreover" part. The proof of the first part is the same, except 
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that without the extra assumptions we cannot get the stronger conclusion. So assume the /*'s 
is a Jj-Morley sequence over AI<*a^* based on A. 

We need to make sure that /* can be made indiscernible over A/^* and not only over Al^^a^^. 
So assume that len(P) = fii = fJ-i"^ lJ'<i + \A\ + |r|) as in Fact 11.131 We will make our way 
"backwards", that is, by downward induction on i, starting with i = n. 

Assume that for i > i we have are Jj-Morley w-sequences over AI^^ based on A, whereas 
for £ < i we still have of length iig which are Jj-Morley sequences over Al'^^a^^ based on A, 
non-b-forking over (we have the last assumption by Observation 12. 4p . 

By Fact 11.131 we can find J* which is an indiscernible w-sequence over AI^' such that every 
n-type of J* over "appears" in P. So in particular J* has the same type over Al^^a^^ as 

Moreover, since t>-forking has finite character, J* is non-J)-forking over 

Notice that given a finite tuple b in J* the question of whether for some a = ai < . . . < < to 
and ^ = /?!<...< /3fc < tj we have =bi^t-' amounts to the same question over some b' in 

Since these were indiscernible, we get that for any i > i the sequence is still indiscernible 
over AI'^^^'^J^. Using a similar argument one can also make sure that for £ ^ i we still have that 
/ is a non-Jj-forking sequence over 

So the J* satisfies all the requirements, except for the fact that we need the first element of 
it to be a*. Note, though, that the first element of J* has the same type over I<*a>* as o*. So 
applying an automorphism over I*~*o^*, we obtain a new J* that starts with a* and new for 
£ > i which satisfy all the required properties, completing the proof of the inductive step. 

□ 

Lemma 2.6. Let {a* : i < n} be a set of tuples which is p-independent over a set A. Then there 
exist sequences {P : i < n} such that 

• For each i < n the sequence P is a p-Morley sequence over AI^"^ based on A. So P is 
AI^^ -indiscernible and P J^^/^*- 

• /* starts with a*. 

Proof. We construct sequences P such that P is a t>-Morley sequence over ylI"^*o^* based on 
A. By Lemma [231 this is enough in order to obtain the desired conclusion. The construction is 
by induction on i < n. 

The case i = follows from Fact 11.51 

So let i > 0, and assume that already exist. Note that 1° J^|^a^°, J^|^-^°«^^ hence 
I^I^ ^^a^^ . Continuing like this we see that J^|^a-*. By symmetry and transitivity 
o* J^|^I'^*a^*, and we can apply Fact 11.51 again. 

□ 

We are now able to prove that strong dependence implies boundedness (by a;) of cc-strong 
dividing patterns and of Jj- weight. 

Proposition 2.7. // a type p admits a n-cc- strong- dividing witness then dp — rk{p) > n. 

Proof. Let {')pi{x,a^))i<n and a set A witness n-cc-strong dividing, that is, /\^tpi{x,a^) is con- 
sistent with p, tl)i{x,a^) strongly divides over A and a* J^^(a-^)jyi for all i. 
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By the definition of strong dividing a* acl{A). Since {a*: i < n} is Jj-independent, we can 
build as in Lemma \2M sequences /* = (a* : j < to) such that: 

• P is a j3-Morley sequence over AI^'' based on A. 

• = a\ 

For each i < n and k < oj denote = i/j^ {x , a^^f,) = f\j^i^il)i{x,aj). Note that since 

ilji{x,aQ) strongly divides over A, for some k < oj the formula i^i{x) is inconsistent. 

So we clearly have a t>-dividing pattern (see Definition [L7} for p of depth n; applying Lemma 
I1.12f ii). we are done. 

□ 

Theorem 2.8. IfT is strongly dependent (and rosy) then every (finitary) type has rudimentarily 
finite p-weight. IfT is dp-minimal then every 1-type has p-weight 1. 

Moreover, the conclusion is true if we just assume that T is strong and rosy. 

Proof. This now follows easily from Remark 12.21 Fact 12.31 and Proposition 12.71 

For the "moreover" part note that Lemma [2?6l only assumes rosiness, and in Proposition 12.71 
we show, in fact, existence of a dividing pattern. □ 

The rest of the section will be devoted to show the equivalence between "rudimentarily finite" 
Jj-weight and "finite Ij-weight". 

2.2. Basic properties. Here we list the basic properties of J)-weight. Some of the results and 
the proofs in this subsection are very similar, and sometimes completely analogous to the results 
in simple theories (see section 5.2 of |14|). 

Lemma 2.9. The following hold. 

(i) Ifa^^b then wil>{a/A) = wi^a/Ah). 

(ii) wt^(a6/A) < wt^(a/A) + wt^(6/^). Equality holds whenever a b. 

Proof. The proofs are the same as proofs of Lemmas 5.2.3 and 5.2.4 in [14], replacing instances 
of forking for t>-forking. □ 

The following is very easy: 

Observation 2.10. Suppose that a is p-dominated by b over a set A, and A' ^ A is such that 
a J_,^ A' , b J^^ A' . Then a is p-dominated by b over A' . 

Observation 2.11. Suppose a <^ b. Then wt^(a/A) < wt^(6/^). 

Proof. Assume that wt^{a/A) > n. Then there are A',{ci : i < n} witnessing this; that is, 
a ^^A', {ci : i < n} is an >l'-J)-independent set, and a J^^Ci for all i. Let b' =Aa b be such 
that y So ab' hence by the previous Observation a is dominated by U over Al . 

So b' J^^, Ci for all i. In particular, wt^(6/^) > wt^(6'/^') > n, as required. □ 

Observation 2.12. 

• -(f P) 1 ^ S(^) are not p-weakly orthogonal and pwt^(g) = 1, then p dominates q over A. 

• The relation p JLa q is an equivalence relation on types over A of p-pre-weight 1. 
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Proof. Easy (see 5.2.11 and 5.2.12 in [H]). □ 

The following two lemmas are easy but very useful. 

Lemma 2.13. Assume b <l^ a. Then there exists B containing A such that a J^^-B (hence 
h B ) such that ab <l^ a. 

Proof. We try to choose by induction on a < |T|+ an increasing and continuous sequence of 
sets Aa such that Aq = A and for all a we have: 

•a^\ Ao,+i (hence 6 ^a+i) 

By local character of Jj-independence, there is a < [T|+ such that it is impossible to choose 
AaJ^i. Denote B = A^. It is easy to see that the all the requirements are satisfied. □ 

Lemma 2.14. Assume that ab a, a c, b J^^ c and wt-^(tp(c/A)) = 1. Then he <\ a. 

Proof. Assume a J^|^, d. Since ab <l|^ o, we have ab J^|^ d, hence a X^^^^d. Let A' = Ab. Then 
c A' and c J^^, a (otherwise, by transitivity c J^^ ab). Since wt^(c/^) = 1, clearly c J^|^, d 
(otherwise, remembering that a J^|^, d, we would get that a,d witness pwt^(c/yl') > 2). Hence 
be ^y^d, as required. □ 

Observation 2.15. Let p £ S{B) and a, B,bi, ... ,bn witness pwt^{p) = n Then a <l^bi . . .bn. 

Proof. Assume c o, and c X^ bi . . . bn- Then the set {c, 6i, . . . , 6n} is i3-]3-independent, and 
it witnesses pwt^(a/i3) > n + 1, a contradiction. □ 

2.3. From rudimentarily finite to finite. We will now prove that if a type has rudimentarily 
finite Jj-weight, it has finite Jj-weight. As with stable theories, in order to show this we found 
it necessary to prove the very interesting fact that a type of (rudimentarily) finite Jj-weight is 
Jj-equidominant with a finite free product of Jj-weight 1 types. 

A good start would be showing that every type of rudimentarily finite weight is "related" 
(in terms of non-Jj-orthogonality) to Jj-weight-l types. The following two lemmas generalize 
Hyttinen's results from on types in a stable theory, and we adapt his technique to the rosy 
context. 

Lemma 2.16. Let p E S(A), and assume that 

(i) a, A' , {hi, . . . , bn\ witness wt^(p) > n. That is, a X^ ^' , {bi, ■ ■ ■ , hn} are p-independent 

over A' and a X^/ /^^ ^• 

(ii) There is no C extending A' such that the following three conditions hold: 

(a) aX^,C 

(b) 6162 . . . hn-i Xi Chn 

(C) bnX^^,C. 

Then 

(1) Whenever a X^, c and a X^^;, '^j have 6„ X^/ 
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(2) //, furthermore, wt-^(tp(6„/A')) > 1, then there are B and &n'^n+i such that 
a, B, {bi, . . . , bn-i, b'n, ^n+il witness wt^{p) > n + 1. 

Proof. 

(1) Assume bnX^\,c but a J^J^, c and a J^|^,jj c. Without loss of generality 
c I ^ hence c I ^ bi...bn-i. Let C = A'c. It is easy to see that 
(a),(b),(c) above hold for C (e.g. (b) holds by symmetry and transitivity), contradict- 
ing assumption (ii) of the Lemma. 

(2) Assume wtt'(tp(6„/A')) > 1. This means that there are B ^ A' and c, d such that 

- bnl.^^,B 

- ^^X^cand bnt\d 

Without loss of generality abi . . . bn-i X^,. Bed. It is easy to see that the assumptions 
of the Lemma still hold after replacing A' with B. So part (1) holds as well. In 
particular, since bn J.\c and bn J,\d, whereas a I ^ c and a I ^ d, so a / ^ c and 

a jj^^d. Choosing b'^ = a, b'^_^_i = d, we are done. 

□ 

Lemma 2.17. Let p € S{A) be a type of rudimentarily finite p-weight. Then p is non-p- 
orthogonal to a type of p-weight 1. 

Moreover, suppose that a \= p, B = {bi: i < m}, d are such that a, A, {6j : i < m}U{d} witness 
wt^{p) > m + 1. Then there exist D D A and d' such that 

• wt^(d7^') = 1 

• a, D, {bi: i < m} U {d'} witness wt^{p) > m + 1. 

Proof. By considering a non-Jj-forking extension it is clear that the Lemma follows from the 
"moreover" part. 

We will prove that if the conclusion fails we can witness that p has rudimentary infinite 
t)- weight, thus contradicting the hypothesis of the Lemma. 

Assume towards a contradiction that the conclusion fails and construct by induction on n > m 
sets An , Bn and tuples d„ such that 

• Bn = {bi: i < n}, so \Bn\ = ri 

• Am = A, Bm = B, dfn = d 

• The sequences (A„ : n < uj) and : n < lo) are increasing 

• a, An, Bn = {bi: i < n} U {dn} witness wt^{p) > n + 1. 

The case n = m is given, so suppose we have An, Bn and d„ as above. 

By local character of J)-independence, we can replace A by A' satisfying the assumptions of 
Lemma 12.161 with bn there replaced by our d: if given some A' there exists a C as in (ii) of 
Lemma r2. 161 above, it satisfies all the requirements of A' in (i), so we can replace A' with C and 
continue; local character of Jj-forking and the fact that d J[,^, C guaranties that the process will 
eventually stop. So by Lemma [2.16l (and the assumption towards contradiction), we can "split" d 
into two elements bn and dn+i, that is, find An+i, bn, dn+i such that a, An+i, {bi: i < n}U{dn-\-i} 
witness wt^(p) > n + 1, as required. 
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Let = [jn<Lo^n, = Un<a;-^"- Clearly, is an infinite witness for wt^{p) > Hq, 
contradicting p having rudiment arily finite weight. 

Since this construction contradicts our hypothesis, we know that for some n we have 
wt^{dn/An) = 1. But then D = An,d' = dn satisfy the conditions required in the conclu- 
sion of the Lemma. □ 



We are finally ready to prove that a type of rudimentarily finite J)- weight has finite J)- weight. 
The proof will be based on Observation 12.181 but first we make the following (temporary) 
definition. 

Definition 2.4. Let p = tp(a/^) be any type. 

We will say that a witness a, A, {bi : i < m} is a nice witness of wt^(p) > m ifabo . . . bm-i<iAa 
and wt^{bi/A) = 1 for all i. 

We will say that a witness a, A, {bi : i < m} of wt^{p) > m to wt^{p) > m is contained in a 
witness a, A', {bi : i < n} of wt^{p) > n if A C A' and m < n. We say that the first witness if 
properly contained in the second one ifm<n. 

We will say that a (nice) witness is maximal if it is not properly contained in any other (nice) 
witness. 

Observation 2.18. Let p = t'p{a / A) be a type of rudimentarily finite weight. 

Then every witness a,A,{bi : i < m} of wt^{p) > m is contained in a maximal witness 
a, A' , {bi : i < n}. 

Even more, every nice witness a,A,{bi : i < m} of wt^{p) > m is contained in a witness 
a, A', {bi : i < n} to wt^{p) > n which is maximal among all nice witnesses. 

Proof. The proof is precisely the same as the proof of Lemma 12.171 above: 

If there is no maximal witness, then we can construct by induction on n < a; increasing 
witnesses An, Bn = {Bi : i < n}; taking the unions of these sets, get a contradiction. □ 

Notice that, a priori, this does not mean, that every such maximal witness has the same 
size, or that there are no different such witnesses of finite unbounded cardinalities so that the 
t)-weight of p could still be infinite. 

The proof of the following lemma shows that the size of any nice maximal witness (in particular 
with wt^(6j) = 1) is the same finite number n, which must a posteriori be equal to wt^(p); that 
every type of rudimentary finite weight has finite weight follows as an easy corollary. 

Lemma 2.19. Let p be a type of rudimentarily finite p-weight. Then any maximal nice witness 
a. A', {bi : i < m} ofwt^{p) > m satisfies a 00^, 6o • • • &n-i- 

Proof. Let a. A' and 6o . . . 6n-i be as in the statement of the lemma. It is clearly enough to 
make sure that a <1^, bo . . . bn-i- 

So suppose a J^^, c but bo . . . c. Then by definition a, A', B U {c} witness wt^{p) > 

n + 1. By Lemma 12.171 there are D,c' such that a,D,B U {c'} witness wt^{p) > n + 1 
and wt^(c'/^) = 1- By Lemma [2.141 bo . . .bn-ic' <|^/ a. By Lemma [2.131 we may assume 
abo ■ ■ ■ bn-ic' <l|^, a. So o. A' , bo ■ ■ ■ &n-ic' is a nice witness of wt^(p) > n + 1, contradicting the 
maximality of a. A' , bo . . . bn-i- □ 
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The following easy observation shows that nice witnesses exist. 

Observation 2.20. Let p = tp{a/A) a nonalgebraic type of rudimentarily finite weight. Then 
there exists a nice witness ofwt^{p) > 1. 

Proof. By Lemma [2. 171 we can find b, wt^{b/A') = 1 where A' is the domain over which a J^^, b. 
bmce w t^{b/A') = 1 and a ^, Observation [2l2] imphes that b<^^ a. Finally, we can assume 
ab <l|^, a by Lemma 12.131 which finishes the proof. □ 

We have finally reached our goal. 

Theorem 2.21. Let p G S(^) be a nonalgebraic type of rudimentarily finite p-weight. Then 
wt^(p) < No o,nd p is p-equidominant with a finite free product of p-weight- 1 types. 
More precisely, there exist a, A', {bi : i < n} such that 

• a, A', {bi : i < n} witness that wt^{p) > n 

• wtl>{bi/A') = 1 for alii 

• a 00^, bo... bn-i- 

Proof. Let a, A', B = {bi : i < n} be such that 

(i) a, A', {bi : i < n} witness that wt^(p) > n 

(ii) wt^{bi/A') = 1 for all i 

(iii) aB <i^, a 

(iv) {bi : i < n} is maximal satisfying (i),(ii) and (iii). In other words, if there are A" ^ A', 
B" D B satisfying (i), (ii) and (iii), then B" = B. 

In other words, a,A',B is a maximal nice witness for wt^(p) > n. It is easy to see that such 
A',B exist: Observation 12.201 gives us a nonempty Bq satisfying (i),(ii) and (iii). Since p has 
rudimentary finite weight, by Observation 12.181 we know that Bq is contained in a maximal B, 
as required in (i) - (iv) above. 

By Lemma [2]T9j a ix]^, bo ■ ■ ■ bn-i- By Lemma [23] and Observation 12 . 1 II it follows that p has 
finite weight n. □ 

Reading carefully the proof of the Theorem, we obtain the following more precise statement. 

Corollary 2.22. Let p be a type of rudimentarily finite p-weight. Then wt^{p) = n for some 
n < uj, and any maximal nice witness a,A',{bi : i < m} of wt^{p) > m satisfies m = n and 
a co^, bo... bn-i. 

Corollary 2.23. In a strongly dependent (and even strong) rosy theory, every type has finite 
p-weight. 

Proof By Theorem ESI and Theorem □ 

2.4. Jj-regular types. We will finish this section by understanding some implications of the 
above results to Jj-regular types. The definition is the analogue of the definition of regular types 
in the stable and simple context. 

Definition 2.5. A type r{x) over A is Jj-regular if for any B D A then given any p-forking 
extension q{x) of r{x) and a non-p-forking extension p{x) ofr{x) ifr,q are over B then q{x) is 
weakly p-orthogonal to r{x). 
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The following desired property of Jj-regular types follows as an easy corollary of the definition 
of l3-regularity and the results we have so far in this section. 

Corollary 2.24. A p-regular type of finite p-weight has p-weight 1. 

Proof. Suppose not, and let p G S(A) be a Jj-regular type of Jj-weight at least 2. Without loss of 
generality (since a non-t)-forking extension of a Jj-regular type is ]3-regular), there exists a witness 
o,{?)i,&2} for pwt^(p) > 2. Moreover, by Lemma [2.171 we may assume that wtt'(tp(6i/^)) = 
wtl'(tp(62M)) = 1. 

Let a' be such that tp(a'/^6i) = tp(a/A6i), a' J^|^^^ ^2- Then clearly a' X|4^2 (as 61,62 are 
independent over A). 
Now notice: 

• ^-X^fej^'' "^^^ ^yV^ P is t'-regular, so tp(a/A62) and tp(a'/j462) are weakly ])- 
orthogonal. 

• h X^,^ a: We know h l\ 62 and b, X\ a. 

• ^1 X\h2 ™^ follows from a' =Abi a (so a' ^1), and 61 X'4 ^2- 

So we have a witness for wt^ {tp{bi / Ab2) > 2, but this type is a non-la-forking extension of 
tp(6i/^), a contradiction. □ 

We will conclude by pointing out the following unsurprising but important property of a 
regular type: 

Observation 2.25. Let p £ S{A) be a p-regular type. Define (as usual) for a tuple c of 
realizations of p 

P _ 

clp(c) = {a^ p: a Xc} 

A 

Then {p'^, dp) is a pregeometry. 

Proof. The proof is quite easy and it is the same as the standard proof of the analogue result 
for (forking) regular types. □ 

Remark 2.26. We should mention that the converse of Observation l2.25l is true assuming stability 
of p{x) (see [Q\ for a definition). In the general -rosy- context, however, we have been unable 
to either prove it or show a counterexample. 

3. Super-rosy theories and types of finite U^-rank 

3.1. Exchange and decomposition in types of finite weight. The goal of this section is 
proving that under reasonable assumptions, any type can be "decomposed" into a finite product 
of "geometric" types. Recall that in Theorem 12.211 we in particular proved the following. 

Theorem 3.1. Let p G S(A) be such that wt^{p) = n. Then there exists a set B , A C B , and 
bi, . . . ,bn p-independent over B such that p n tp(6i . . . bn/B) and wt^(6i/B) = 1. 

We will improve this statement by replacing {3- weight- 1 types in the conclusion by regular (in 
the super-rosy context) and Jj-minimal (in the finite rank context) types. 
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Lemma 3.2 (Exchange Lemma). Let a,bi, . . . ,bn be a p-weight 1 witness o/ wt-^(tp(a/^)) = n. 
Let q be a type with dom.{q) D A such that q is not p-orthogonal to tp{bn/A) and wt^(g) = 1. 
Then there is some b \= q and some B such that a,B,{bi, . . . ,bn-i,b) witness tp{a/A) has 
p-weight n. 

Moreover, if a txi^ 6i . . . 6„, then we can find B such that both a ixi^ bi . . . bn-ibn and a ixi^ 
6i . . . bn-ib. 

Proof. Let b' ^ g, B' be such that 6„ A^B' , b' d.'^-B' and b' X% (such b' and B' exist as 
tp{bn/A) and q are not Jj-orthogonal) . 

Without loss of generality Bb abi...bn-i. In particular, a6i . . . 6„ I ^ i? and 

bi . . . bn-i J^^ bnb, and so the set {b, bi, . . . , &n-i} is independent over B. 

Now if a X^^: then a,b witness wt^{tp{bn/ B)) > 2 which contradicts our assumptions (via 

Lemma [23]). So aj^^b and by the definition a, B, {bi, . . . ,bn-i,b) witnesses tp{a/A) has \)- 
weight n. 

For the "moreover" part, assume that a ixi|^ 6i . . Recall that by Observations 12.131 and 
12.101 we may assume abi . . .bn <^aCl (that is, first replace A with some A' such that o J^|^ A', 
bi . . .bn A\ and abi . . .bn <l|^/ a, and then find B), hence (by 12.101 again) abi . . .bn <^ a. 
By Lemma r2. 141 bi . . . bn~ib <^ o. Finally by Observation 12.151 we have bi . . . bn-ibn t<i^ a and 
bi . . . bn-ib a, as required. □ 

3.2. Jj-regularity and decomposition in the super-rosy case. As in the super-stable case, 
we first prove the existence of "many" Jj-regular types in a super-rosy theory, which makes the 
theory of Jj-regular types relevant. We will also point out that all super-rosy types in a rosy 
theory have finite Jj-weight (hence the results of the previous section apply in the super-rosy 
context). 

Proposition 3.3. Let T be super-rosy. Then every type p with domain A is non-p-orthogonal 
to a p-regular type q with domain B D A. 

Proof. The proof is a variation of the proof of Proposition 5.1.11 in |14| . 

Let 7 be the set of types r such that dom{r) = B D A and r is not weakly Jj-orthogonal to 
p and let g be a type in 7 of minimal U^-rank. Let a',b be realizations oip,q respectively such 
that a' ±\b and a' X.%b. 

Suppose q is not Jj-regular so there is some c', b', C such that a', b' \= q, b' C", c' C" 

and b' ll, d. 

Since tp{b'/B) = tp{b/B) = q there is an automorphism fixing B and sending c',b',C' to 
elements c,b,C and let o ^ p realize a non-Jj-forking extension of tp{a'/bB) to bBC. So 
a J^^^ C and, since b J^^ C, we have by transitivity that ab C which implies that a J^^ C; 
it follows that a ±^^^C (recall that a' d.'^-B and tp{a/B) = t-p{a'/B)). 

Notice also that a b (as a b and a J^^ C). 

So we have a C, a ^) ^ X^ C, c X^ C and b X^ In particular 

V'Pitpic/C)) < l]^{tp{c/B)) = \J^{tp{b/B)) 
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and 

\J^itp{b/Cc)) < U^(tp(6/C7)) = V^itpib/B)); 

by minimality of \J^{tp{b/B)) (among all types in we have that tp{c/C) and tp{b/Cc) are not 
in 7; so in particular a J^^ c and a J^^^ 6. By transitivity a J^^ 6c and a J^^ 6 a contradiction. 

□ 

Proposition 3.4. Let p{x) be a type such that 

k 

i=l 

Then p has p-weight at most X]i=i 

Proof. This is word by word the same proof as Theorem 5.2.5 in [14] using the Jj-forking version 
of Lascar's inequalities (Fact II. 3|) . □ 

As an easy corollary we obtain the following theorem which strengthens Theorem 13.11 in the 
super-rosy context. 

Theorem 3.5. The following hold. 

• Any super-rosy type has finite p-weight. 

• Let T be super-rosy, p € S{A). Then wt^{p) = n for some n < uj and there exists a 
set B , A C B , and hi, ... ,bn p-independent over B such that p x tp(6i . . . bn/B) and 
tp{bi/B) are p-regular. 

Proof. The first item follows immediately from Proposition 13.41 

To prove the second item, notice first that wt^(p) is finite by Proposition 13.41 Now apply 
Theorem 13.11 combined with existence of Jj-regular types (Proposition 13. 3|) and the Exchange 
Lemma (Lemma 13. 2|) . recalling that by Corollary 12.241 jj-regular types have t>- weight 1. □ 

3.3. Types of finite U^-rank. The following proposition is a remarkably interesting result 
with many consequences in theories of finite U^-rank. 

Proposition 3.6. The following hold. 

• Let p{x) = tp{b/A) be any type such that U^{p) = a + 1. Then there are tuples a,e 
such that U^{tp{b/Aa)) = a, 6 J^^e, 6 J^^^e, tp{b/Aa) strongly divides over Ae and 
Ui>{tp{a/Ae)) = 1. 

• If p{x) = tp{b/A) is any type of p-rank a + 1 then there is a non-p-forking extension 
tp(b/Ae) of p and a tuple a G acl(yl6e) such that tp{a/Ae) is minimal. 

Proof. The second item follows immediately from the first one. To prove the first item, notice 
that we can choose a so that p{x,a) is a Jj-dividing extension of p{x) and {tp{b / Aa)) = a. 
By Observation 11.^^(11)] there is some e such that b ^^^e and tp{b/Aae) strongly divides over 
so a € acl{Abe). Note that 

a = V'^{tp{b/Aa)) = U^(tp(V^ae)) < {tp{b / Ae)) < U^(tp(6/A)) = a + 1 
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hence l]^ {tp{b / Ae)) = l]^{tp{b/A)) = a + 1; in particular, b J^^e. By Lascar's inequalities we 
know that 

\]^{tp{ba/Ae)) = \J^{tp{b/Ae)) + \J^{tp{a/Abe)) = a + l + = a + l 

and 

\J^{b/Aae) +\J^{tp{a/Ae)) < \J^itp{ba/Ae)) < \J^{b/Aae) ®\J^{tp{a/Ae)). 

So 

U^{tp{a/Ae)) < a + 1 < a e \]^{tp{a/Ae)). 
and the result follows. □ 

Notice that Proposition 13.61 provides the inductive step, in theories of finite U^-rank, for any 
property which is closed under non-Jj-forking restrictions and coordinatized types (in the sense 
that if a type p is coordinatized by types having the property, then p must have the property). 
This has nice consequences (it was strongly used, for example, in [3]). Some of the more direct 
consequences include the following. 

Corollary 3.7. Let p{x) he any type of finite U^-rank. Then p{x) is non-p-orthogonal to a 
p-minimal type. 

Proof. By Proposition 13.61 given p{x) = tp{b/A) of finite U^-rank, there is a non-Jj-forking 
extension tp{b/Ae) and an element a € acl(yl6e) such that tp{a/Ae) is t>-minimal. Clearly 
tp{b/Ae) and tp(a/Ae) are non-Jj-weakly orthogonal. □ 

Corollary 3.8. Let p G S(^) be a type of finite rank. Then wt^{p) = n for some finite n 
and there is a set B , A Q B , and 6i, . . . , 6„ independent over B such that p n tp(6i . . . bn/B) 
and U^{tp{bi/B)) = 1. 

Proof. The fact that a type of finite U^-rank has finite t>-weight follows from Proposition I3.4I 
The rest of the assertions follow from Theorem 13.11 using the Exchange Lemma and Corollary 

im □ 



We will conclude this section by making some remarks about Proposition 13.61 
At first glance, it would appear that one could coordinatize a non-Jj-forking extension of any 
type of finite U^-rank by repeatedly applying the Proposition. However, this would prove a 
coordinatization theorem in the stable case, which is known not to be true, as the following 
example shows. 

Example 3.9. Let H := {L,E} be such that L is a ternary relation and E a binary relation 
and let T be the theory that states that E is an equivalence relation with infinitely many infinite 
classes and such that L defines an affine space on each E-class (so L{x,y,z) =^ E{x,y) A 
E{x,z) A E{y,z)). A natural model M of this theory is a sheaf of affine planes indexed by a 
line, where E{x, y) if and only if x and y are in the same plane and L(x, y, z) happens whenever 
X, y, z are collinear points in the same E-class. 

Let g be -generic E-class in M and a and g- generic point in g . The conclusion of Proposition 
\3.(^ applied to the type tp{a/g) can be seen in the following way: Let b be any point in g such 
that a J^g& and let I be the line through a and b (so that I := {x \ L{x,a,b)}). Then tp{a/gb) is 
a non-forking extension oftp{a/g), L G acl(a6) and tp{l/ge) is a p-minimal type. 
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Going back to coordinatization, if we try to coordinatize tp{a/0) the first step is tp{a/g) and 
tp{g/0). The next step, however, would he to coordinatize the non-p-forking extension tp{a/gb) 
oftp{a/g). But b X-^^a (and the reader can check that this is true for every possible b we can 
choose) so this does not help at all in trying to coordinatize tp{a/0), nor any non-p-forking 
extension of it. In fact, it is not hard to check that tp{a/0) cannot be coordinatized in terms of 
p-minimal types. 

The example above shows a stable (even super-stable) example where no coordinatization 
is possible, and it shows the limitations of Proposition 13.61 to get a full coordinatization for 
super-rosy theories. The main issue there is that we have no control over the parameter e we 
need to get from Jj-dividing to strong dividing. In the afhne space, for example, this e cannot 
be overlooked nor can we have any control as to where it comes from. 

This has two main consequences. On the one hand, once we try to use Proposition 13.61 
inductively and coordinatize tp{b/Aae) then the / we need can be taken to be such that b J^|^^ / 

but there is no hope that we can find it such that 6 J^^ / • The second consequence is that we 
can only coordinatize a non-t)-forking extension of types of rank a + i in types of rank a and 
rank i when i = 1, but we cannot do the same for i > 1 without further assumptions. 

It seems that this lack of control over the choice of e could be somewhat solved if we had extra 
assumptions (definable choice seems to be the right notion), but even this assumption seems to 
not be enough to get any coordinatization-like result beyond possibly the finite U^-rank case. 
However, coordinatization is such a useful tool, and the connections with definable choice are 
so unclear, that even results assuming finite U^-rank would be quite interesting. 

4. Indiscernibles in dependent theories, strong dependence and weight. 

Theorem l2.8l states that if a rosy theory is strongly dependent then every type has rudimentary 
finite (and hence finite) t>- weight. It is natural to ask whether an analogous notion of weight 
exists in a general setting (for example, an arbitrary dependent theory). It has been established 
that non-forking plays an important role in the study of dependent theories. One might wonder, 
therefore, whether there a notion of weight based on non-forking which behaves well in dependent 
theories. One desired property of such a notion would be: T is strongly dependent if and only 
if every type has rudimentarily finite (and possibly finite) weight. 

A possible notion of weight satisfying the property mentioned above was studied by the 
authors in [8]. One drawback of that notion is that it "measures" weight of a type with respect 
to Morley sequences (and not elements). Although by [I2] we know that a Morley sequence is 
precisely what is needed in a dependent theory in order to determine a global invariant type (so 
the definitions in [8] are quite natural), we were (and still are) curious whether the definition of 
weight using Morley sequences is equivalent to the classical notion. 

The answers to these questions are still unclear and they have motivated further research, 
such as [12] , [5j . We have discovered that in order to make sense of a notion of weight based on 
non-forking, one needs to understand under which conditions there exist mutually indiscernible 
sequences starting with given elements (and to what extent one can "determine" the types of 
those sequences). Let us explain more precisely what we mean. 

Suppose one defined "weight" as usual (like in stable theories; that is, take the definitions in 
section 2 and replace J)-forking by forking). Recall that one ingredient of the proof of Theorem 
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12.81 was showing that given a Jj-independent set of elements (tuples), there exist mutually indis- 
cernible sequences starting with those elements. A natural question whether an analogous result 
holds for non-forking is answered positively by Theorem 14.51 below. This is, unfortunately, not 
enough in order to prove a result similar to Theorem 12.81 since we do not have any control over 
the types of those Morley sequences, it is not clear why they should exemplify dividing (recall 
that in the case of Jj-forking life was easier, as we could work with strong dividing, which is 
exemplified by any infinite indiscernibly sequence in the type). Of course, if T were stable (or 
even simple), there would be no problem, since any Morley sequence would exemplify dividing. 
The discussion above leads to the following two questions: 

Question 4.1. To which extent can we "control the types" of the mutually indiscernible sequences 
constructed in Theorem 14. 5P More precisely: what must we assume about the set {hi : i < a} 
such that for every indiscernible sequences Ij starting with 6, respectively, there are indiscernible 
sequences I[ =;,. li such that I[ is indiscernible over /^^? 

Question 4.2. To which extent do Morley sequences exemplify dividing in a dependent theory? 

It was shown in [IT] that if the types realized by the ftj's in Question 14.11 are generically 
stable, then it is enough to assume non-forking independence. This was the main ingredient in 
the proof of the main theorem of Section 8 there: in a strongly dependent theory, every type 
has a rudimentarily finite generically stable weight (below we give a much easier proof of this 
result based on Theorem 14.81 - see Theorem 14. 12p . We could not establish (and in fact, it is still 
open) whether assuming non-forking independence is enough given arbitrary hi with or without 
assuming the theory is dependent, but some progress in this direction has been made, and the 
results appear in the second half of this section. It has become clear in subsequent works (|12|. 
[5]) that Question 14.11 is related to so-called "strict non- forking" defined by Shelah in [9]. 

Concerning Question l4.2l we prove that, although it is not the case that every Morley sequence 
exemplifies dividing, there normally are such sequences. This fact has several consequences, 
some of which we investigate. 

In this section we are going to assume that T is dependent unless said otherwise. 

We will work with classical notions of dividing, forking and splitting. We assume that the 
reader is familiar with all of these. Recall that a J^^ B stands for ^^tp{a/AB) does not fork over 
A". 



4.1. Existence of Morley and mutually indiscernible sequences. Let us start with the 
following easy lemma. 

Lemma 4.1. (No need of dependence). 

(i) Assume AQ C and a X-y^C (that is, tp(a/C) does not fork over A). Then there exists 
an C -indiscernible sequence I = {ai : i < uj) with uq = a. Such I can be chosen to be a 
Morley sequence in tp(a/C) based on A. 

(ii) // in addition CCD, then there is D' =c D such that I is a Morley sequence in 
tp{a/D') based on A. 
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Proof. (i) Let /i be "big enough" (that is, so that Fact 1 1.1 3) can be apphed for A = |C| + |T|). 

Using existence of non-forking extensions, we can construct a sequence I' = {a'- : i < /i) 
in tp(a/^C) based on A such that 
• fli =Ca^, aj for every j > i 

(note that if e.g. T is dependent and A = bdd(A), we are done, since this is also a 
non-spHtting sequence, hence indiscernible.) 

By Fact 11.13) there is an w-sequence I = {ai : i < uj) indiscernible over C such that 
every n-type of / over C "appears" in /'. In particular, this sequence is still based on 
A because forking flj Ca^i is a property of the type tp(a<j/C). Since ao =c o-i for 
some i < n and a- =c Og = a, there is cr E Aut(C/C) taking ao to a; by replacing I 
with the image of I under cr, (which is still a Morley sequence over C based on A) we 
may assume ao = a. 

(ii) Since a J^^C, by existence of non-forking extensions there exists a' =c a such that 
a' .]_^^D- So there is an automorphism over C taking a' to a and D to D'; now apply 
clause (i). 

□ 

Although most properties of non-forking identifying it as an independence relation is stable 
or simple theories are generally false in our contexts, some things can still be said. We will refer 
to the fact below as "transitivity on the left". 

Fact 4.2. Let A, B he sets and assume that / = (a^ : i < A) is a non-forking sequence based on 
A (that is, ai J_^^ i?a<j for all i < X). Then I J^^ B, that is, tp{I/AB) does not fork over A. 

Proof This is Claim 5.16 in p]. □ 

Corollary 4.3. Let {Aii i < X} be a non-forking (independent) set over A, that is, Ai J^^^^^j 
for all i. Then for every VF, [/ C A disjoint we have A^w J^^ ^Gf/- 

Proof. Monotonicity and transitivity on the left. □ 

Observation 4.4. Suppose I is an indiscernible sequence over A and i? J^^I. Then I is 
indiscernible over AB. 

Proof. By Fact 11.71 tp(i?MJ) does not split strongly over A. Recall that this implies that for 
every ai, 02 ^ I which are on the same A-indiscernible sequence we have Bai =a Ba2, which is 
precisely what we want. □ 

We proceed to the main results of this section. The first theorem allows us to construct 
mutually indiscernible (Morley) sequences when started with a non-forking sequence. 

Theorem 4.5. Let T be a dependent theory, A a set, and let {aj : i < k} be a set of tuples 
satisfying ai J^^a<j. Then there are mutually A-indiscernible infinite sequences Ii (that is, Ii 
is indiscernible over Au|J{/j : j ^ i}), each Ii starts with = ai. Moreover, if k = k is finite, 
then Ii J^^ /<j for all i and for i > we have that Ii is a Morley sequence in tp{ai/Aa^i) based 
on A, and i/tp(ao/A) does not fork over A, then we can get Iq to be a Morley sequence in 
tp{ao/A) over A. 
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Proof. Note that by compactness it is enough to prove the theorem when k = k < oj; we will 
prove this by induction on k. Clearly, there is nothing to prove for k = 1. 

So assume (oj : i < fc + 1) are given, Oj J^^a<i. By the induction hypothesis there are 
(Ij' : i < k) mutually indiscernible, I- starts with a^, I'^ is a Morley sequence over /^^ based on 
A. 

By Lemma |0 (ii) with D = A U \J{Il : i < k) and C = Aa<^k, there are {li : i < k + 1) 
satisfying 

• {Ii : i < k) =yia<fc {I'i ■ i < k). So in particular these are mutually ^-indiscernible 
sequences starting with Oj; all the non-forking requirements are preserved too. 

• /fc is a Morley sequence in tp(afc/j4/<fc) based on A starting with a^. So in particular 
it is indiscernible over Al^k- 

Now we are going to use that T is dependent. By Fact 14.21 we know that Ik J^^-f<fc, so in 
particular Ik .1^ at t h for all i < k. By the induction hypothesis Ii is indiscernible over 

the base AI^iI^^i j.y By Observation 14.41 this implies that Ii is indiscernible over Al^il^i, as 
required. □ 

Although we find the theorem above interesting on its own, it will normally not be enough for 
our applications, since we will often be interested in starting with given indiscernible sequences 
(e.g. exemplifying dividing) and "make" them mutually indiscernible, that is, find mutually 
indiscernible sequences of the same type keeping a part of the original configuration (e.g. the 
first elements). We make several steps in that direction. 

Remark 4.6. The reader should be aware that related results can be found in Shelah [9] (e.g. 
Claim 5.13). However, we believe that Claim 5.13(1) is wrong as stated there and the assump- 
tions of Claim 5.13(2) are too strong for what we are hoping for, so we prefer not to rely on 
Shelah's work here. 

Lemma 4.7. Let I = {ai : i < uj) be an indiscernible sequence over Ah such that tp(//A6) does 
not fork over A. Then there exists a Morley sequence {la : a < uj) over Ah based on A with 
Iq = I such that for every a we have la is indiscernible over Ahl^a (here h can be an empty, 
finite or infinite tuple). 

Proof. Let ^ be a cardinal. We construct by induction on a < ^ a sequence la such that 

• Io = I 

• la =Ab I 

• Ii is indiscernible over Ahl^i for alH < a. 

For a = there is nothing to do (note that we are using / .\__^^Ab). Assume that we have 
/<Q as above. Let be such that 

• I'a ^Ab I 

• I'al^lKab 

Clearly, we may assume that 1^ is as long as we wish, hence by Fact 11.131 there exists an 
(j-sequence la which is indiscernible over Al^ab and every n-type of Iq, over Al^ab "appears" 
in I'^. Clearly la =Ab I- By finite character of forking la a bl<a- By monotonicity, for every 
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/? < a we have la J^^^j ^p- Since Ip is indiscernible over Abl^a,^i3, by Observation 14.41 we 
have Ij3 is indiscernible over Abl<a,^f3, as required. 

So we obtain a sequence {la : a < ^) which is a non-forking sequence over Ab (based on 
^4) of mutually indiscernible sequences over A, starting with Iq. Choosing fj, big enough, using 
Fact 11.131 as in the proof of Lemma 14.11 we may assume in addition that {la : a < to) is also 
A6-indiscernible, i.e. a Morley sequence over Ab based on A. □ 

Theorem 4.8. Any instance of dividing over A which is witnessed by a sequence I such that 
tp{I/A) does not fork over A, can always be witnessed by a Morley sequence. 

Moreover, if I := {aiji^^ is indiscernible over Ab and such that {'■p{x,ai)}i^^ is k -inconsistent 
and tp{I/Ab) does not fork over A, then there is a Morley sequence {a^)i£ui over Ab based on A 
such that = oq and {(/^(j;, o'')}jg(^ is inconsistent. 

Proof. We prove the "moreover" part. 

Assume that I = (oj : z < a;) is an ^6-indiscernible sequence such that {(p{x,ai): i < w} is 
/c-inconsistent for some /c G N. Denote a = oq. 

It is clearly enough to find a Morley sequence as in the statement of the theorem such that 
tp{a/Ab) = tp{a^/Ab). So assume towards a contradiction that given any Morley sequence 
(a* : i < a;) over Ab based on A with tp{a/A) = tp{a^ /A) we have that 

i<LL) 

is consistent. 

Let := ai and let := (a^ : i < uj). By Lemma [4?7l there is a Morley sequence of sequences 
{P : j < uj) over Ab based on A such that P is indiscernible over Abl^^; let P := {aj: I < uj). 

Claim 4.9. Let ry : a; — > w be a function. Then the sequence : z < w) is a Morley sequence 
over Ab based on A. 

Proof. It is clear from the construction that (cq) is a Morley sequence over Ab based on A. But 
it follows easily by induction over n (using mutual indiscernibility) that 

tP («S(0)' • • • ' o^(n)M^) = tP (oo' «().•••> «oM&) 

□ 

We will now prove that given any function r] : uj ^ oj the type 

[{^{x,a])y='^^■.^,J<uJ} 

is consistent, thus contradicting Observation ll.lOl 
The proof will again be by induction. Let 

n UJ 

p-{x):= ^l\{^{x,a])y=''^'^ ^ l\ V.(x,a;(,)); 

1=0 j<uj i=n+l 

Since : i < w) is a Morley sequence for all rj, our hypothesis implies that p~^{x) := 

A^=n+i 9? (x, a^(,)) is consistent. 
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Assume that is consistent. Since 7"+^ is indiscernible over A"'~^^ = AI^'^'^^, and since 
1 = 1^ witnesses that (p{x,ao) divides over A, it follows that (p{x,aQ^^) divides over A'^'^^ 
witnessed by I""*"^. By Lemma [LT2]Ji) with here standing for p{x) there (and the induction 

hypothesis), we have 

n+l 

p-^Hx) := /\/\ {^{x,a])y='^^'^A /\ ^{x,al^,^) 

i=0 j<u> i>n+2 

is consistent, which completes the induction. 
By compactness 

{{^{x,a^)y='^'^:^,J<u:} 

is consistent which contradicts dependence of T, see Observation 11.101 □ 

Remark 4.10. Even though one can easily construct examples where forking does not satisfy 
"existence", these are almost always quite artificial. In most of the theories one works with it is 
always the case that tp{a/A) does not fork over A. In such cases Theorem 14.81 just states that 
any instance of dividing can be witnessed with a Morley sequence. 

As a consequence, we obtain the following (quite desirable) property of generically stable 
types: 

Corollary 4.11. Suppose that ^p{x,b) divides over a set A as exemplified by an A-indiscernible 
sequence I with tp(//A) does not fork over A. Assume furthermore that tp{b/A) is generically 
stable. Then any Morley sequence in tp{b/A) exemplifies that f{x,b) divides over A. 

Proof. By Theorem 14.81 we know that there exists such a Morley sequence; but by stationarity 
of the generically stable type tp{b/A) over acl(A), clearly any Morley sequence will work. □ 

4.2. Strong dependence and finite weight. We will finish this paper by pointing out some 
results that follow from strong dependence and the results we have proved so far. 

Let us first recall the classical concept of weight (we will give the definition without assuming 
anything on the theory; of course, it does not always give rise to a well-behaved notion). 

As we mentioned before, some of the partial results we get arise when we restrict the definition 
of weight to certain kind of types (for example, generically stable ones). All of the definitions 
can be given and studied with either forking or t>-forking. However, forking is clearly the right 
notion for generically stable types (see [H]) so from now on we will just work with the standard 
classification theory notions (forking, splitting and dividing). 

Definition 4.1. 

• Letp{x) be any type over some set A. We will say that a, {bi)f^i witnesses pwt(p(x)) > n 
( forking pre-weight of p is at least n) if a \= p{x), is A-independent and a j^bi 
for all If n is maximal such that such a witness exists, we will say that a, 
witnesses pwt{p{x)) = n and that p has forking pre-weight n. 

• Letp{x) be any type over some set A. We will say that a, B, {bi)f^i witnesses wt{p{x)) > 
n ('forking weight of p is at least n) if a \= p{x), a^^B, {bi) f^i is B -independent 
sequence and a J[^bi for all Ifn is maximal such that such a witness exists, we will 
say that a, B, {bi}^^-^ witnesses wt{p{x)) = n and that p has forking weight n. 
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Similar definitions can be given requiring that the types tp{bi/A) above are generically stable 
(see Fact I1.8I) . obtaining generically stable pre-weight and weight of p denoted gstpw(p) and 
gstw(p) respectively. See section 8 of [HJ for precise definitions. 

The following follows easily from the results we have so far. 

Theorem 4.12. Assume T is strongly dependent. Then every finitary type over a model (or 
just over an extension base) has rudimentary finite generically stable pre-weight. 

Proof. This was original proved in section 8 of [11]; however, having established Corollarv 14.111 
the proof of Theorem 14. 121 becomes much easier than the original one given in [H]. Indeed, just 
like in a stable theory, given an instance of pre-weight k, as exemplified by {6j : i < k} realizing 
generically stable types, we can simply construct "mutually" Morley sequences li starting with 6^, 
which by stationarity will be mutually indiscernible. By Corollary 14. 1 1 1 they exemplify dividing, 
thus form a dividing pattern. □ 

We would like to generalize Theorem 14.121 to forking weight. For notational simplicity, let 
us concentrate on randomness patterns of depth 2 (analogous statements for larger depth will 
follow by a simple induction). 

The following theorem weakens the assumptions of Theorem 14.121 somewhat, requiring only 
one of the types to be generically stable. 

Theorem 4.13. Let a, b, c be elements and A be a subset of a model M of a dependent theory T. 
Ift'p{b/A) is generically stable, b ^^c, tp(a/A6) divides over Ac, andtp{a/Ac) divides over Ab, 
then there is a randomness pattern of depth 2 for tp(a/A). In particular, T is not dp-minimal. 

Proof. Let a, 6, c, A be as in the statement of the theorem. By definition of dividing and Theorem 
14.81 for every cardinal /x there is a sequence I := {bi : i < fi) which is Morley over Ac and a 
formula ip{x,y) such that \= ip{a,bo) and {ip{x,bi)}i<zi^ is ^-inconsistent for some k G'N. 

Since 6o J^^c and tp(6o/^) = tp{bi/A) is generically stable, it follows that tp(6o/Ac) = 
tp{bi/Ac) is generically stable for all i. Using transitivity (Corollary 4.13 or Theorem 7.6 in 
|11|). it is easy to prove that {bi)i^u} is also a Morley sequence over A. So in particular, by right 
transitivity 

{bi)i€uj X c 
A 

By definition of dividing, there is an A6o-indiscernible sequence J := {cj : j < uj) and 
a formula '4j{x,y) such that c = cq, |= ■(/'('^jCq) and {'4){x, Si)}nz^ is /c'-inconsistent for some 
k' G N; by taking the maximum, we may assume that k = k' . 

By extension, there is some J' =Aco J such that / J^^ J'. We may assume that I is as long 
as we want, so by Fact 11.131 there is an w-sequence /' =Aco I which is indiscernible over J' 
such that every n-type of I' over AJ' "appears" in I. In particular, it is still the case that 
/' J^^J'. Moreover, since I is indiscernible over Acq, we have (denoting I' = {b[ : i < u)) 
coftg =A co&o = c6, in particular, 3x(/9(x,6q) A -0(3;, cq) is consistent with tp(a/yl), whereas the 
formulas if{x, 6q) and ip{x, cq) divide over Acq and AbQ respectively, exemplified by the sequences 
J. 
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Note that /' is indiscernible over A J' and by Observation 14.41 (since ^' J^^ J'), J' is. Lemma 
11.121 implies that we obtain a randomness pattern of depth 2 for tp(a/yl) as required. □ 

We will finish this section by partial results which do not assume anything on the types. 
The following result addresses the question about the possible assumptions on indiscernible se- 
quences (e.g., exemplifying dividing and pre- weight k; we concentrate on k = 2) are sufficient 
for achieving results such as constructing a randomness pattern. They are not strict generaliza- 
tions of Theorems 14.121 or 14.131 because we need to include requirements on the sequences, and 
not just their first elements. However, it has the advantage of removing the generic stability 
assumptions completely. 

Proposition 4.14. Let I = {ai : i < to) , J = {bj : j < uj) he A-indiscernible sequences such 
that J^^^o ctnd 6o J^^oo- Then there exist I', J' mutually A-indiscernible with I' =Aao I, 
J' =Aao J ■ 

Proof. Since 6o J^^^^Oi there is J^^-^ satisfying 6q =Aao ^o- Applying an automorphism over 
Aqq taking 6q to bo, we obtain a new sequence I' with the same type over Aa^ as /; so without 
loss of generality 1 = 1', and in addition to our assumptions we have 6o X-a^^ hence I is 
746o-indiscernible. 

Since /J^^^o, there is I" =Abo I satisfying I" X^j^J- Applying an automorphism taking 
the first element of /" to oq (fixing Aho), we obtain new sequences I', J' starting with oo,6o 
respectively, satisfying the same type over ^ as /, J respectively. So without loss of generality 
/ = J = J'. 

Prolonging I and applying Fact 11.131 we get I" indiscernible over AJ , "similar" to I over 
AJ] in particular, /" is Ab^ - indiscernible (and has the same type over Aho as /) and I" 
Applying an automorphism a over Ab^ taking I" onto (an initial segment of) I, we get, denoting 
J' = a{J): 

• J' =Abo J 

• / is indiscernible over AJ' 

• I J^^ J', hence J' is indiscernible over AI 

This finishes the proof. □ 

The following is easy now: 

Corollary 4.15. Let p G S(^), I = {ai : i < uj) , J = {bj : j < uj) he A-indiscernible sequences 
such that I Xj^bQ (e.g. I is a Morley sequence over Abo based on A) and </ J^^oo (or just 
bo X-^doJ such that 

• I,J exemplify that (p{x,ao), ip{x,bo) divide over A 

• ip{x,ao) /\fp{x,bo) is consistent with p{x) 

Then there exists a dividing pattern and a randomness pattern in p. In particular, p is not 
dp-minimal. 

The results above seem to suggest that for discussion of weight in dependent theories it is 
not enough to look just at the first elements of the sequences of a dividing pattern (the usual 
notion of forking weight). So let us conclude with the following notion of splitting weight which 
behaves quite nicely. 
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Definition 4.2. 

• Let p{x) be any type over some set A. We will say that a, {b^b\)'^^^ witnesses split — 
pwt(p(j;)) > n (^splitting pre-weight of p is at least n) if a \= p{x), {b^bj)"^^^ is A- 
independent and a .J^^ b^bj for all i in a very strong way, namely: 

(} There exists a formula (pi{x,y) such that 

^iPi{a,b'^) A^^,{a,b}) 

If n is maximal such that such a witness exists, we will say that a, {bi)'^^^ witnesses 
split — pwt(p(a;)) = n and that p has splitting pre-weight n. 

• Let p{x) he any type over some set A. We will say that a,B, {b^bj)"^^ witnesses split — 
wt{p{x)) >n( splitting weight of p is at least n) if a \= p{x), {b^b\)^^^ is A-independent 
and 

<C> There exists a formula (pi{x,y) such that 

^iPiia,b^) A^^i{a,bj) 

If n is maximal such that such a witness exists, we will say that a,B, witnesses 
split — wt{p{x)) = n and that p has splitting weight n. 

Observation 4.16. Let p € S(^). Then p is strongly dependent if and only if its splitting 
pre-weight is rudimentary finite. 

Proof. The "if" direction is clear. For the "only if" direction, using Theorem 14.51 one can 
construct an array of mutually indiscernible (Morley) sequences starting with b^bj . The rest is 
easy. □ 

The next observation (whose proof is easy and similar to the previous one) connects depen- 
dence in general to weight: 

Observation 4.17. A theory T is dependent if and only if every type has a bounded splitting 
weight. 

We see that it is unnecessary to assume (as we did in Proposition I4.14p that / X^^O' 
enough to look at the first two elements of the sequence I; but this seems to be important (in case 
bo is not generically stable). In a sense, what we do is replacing in the dividing/randomness pat- 
tern the formulas ipi{x,yi) with ip[{x,yfyj) = [ipi{x,yf) = ipi{x,yj)] and considering a dividing 
pattern (= witness for high pre-weight) with respect to these new formulas. 

We would like to finish by remarking that results in this section pretend to be a first approach 
to characterize strong dependence by a notion of finite weight. A complete result of this type 
would be quite interesting and, we believe, very useful. However, it is not clear that plain forking 
is the right notion for this. As we mentioned before, it seems that strict non-forking is the right 
way to go, and we refer the reader to [12] and [5] for more details. 
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Appendix A. cc-forking and cc-dividing 
The following theorem is proven in [S]. We include the proof here for the sake of completeness. 

Theorem A.l. The following are equivalent for any p S Si{A). 

(i) p admits n-cc-f)- forking . 

(ii) p admits n-cc-f)- dividing . 

(iii) There is an extension p{x , B) of p{x) such thatp{x,B) admits n-cc-strong dividing. 

Proof. Any witness for n-cc-strong dividing is a witness of n-cc-J)-dividing and any witness for 
n-cc-Jj-dividing is a witness of n-cc-t)-forking. We will prove the other implications for n = 2. 
The general case will follow by a straightforward induction on n using the properties of J)-forking 
in rosy theories. 

(i) ^(ii). Let 

{ipi{x,a),'il){x,h)},A 

be a 2 — cc-Jj-forking witness for p. By definition there are finitely many formulas (/9j(x,a-), 
il^j{x, b'j) and tuples c', d' such that ip{x, a) h V(^=i ^^ii^j i^i^i ^) ^ VjLi ''Pji^^ ^j) a'^) 
strongly divides over Ac' and il)j{x.,h'j) strongly divides over Ad' . 

By hypothesis a J_^^6 so by extension of Jj-independence we can find a" \= tp{a/Ab) such 
that a" j^(p'j)d'b. Let {a'l),c" be images of {a'^),c' under an automorphism that fixes A,b and 
sends a to a" . 

Using extension on the other side there are b" (J)'-)d" \= tp(b(b'j)d' /Aa") such that 

t _ _ _ 
{ai)c a ,1b {bj)d . 
A 

But tp{a"b" / A) = tp{a"b/A) = tp{ab/A) so by applying an automorphism over A, we can 
find {(ii), c, d such that (ai)ca J^^(6j)d6. 

So in particular we have tp{{ai)c/Aa) = tp {{a'{) c' / Aa) and tp{{bi)d/Ab) = tp{{b'j)d' /Ab). 
Therefore 

(1) ip{x,d) \=\/ ipi{x,ai), xp{x,b) \=\/ 'il;i{x,bi), 

1=1 i=l 

and 

, . ip{x, (ii) strongly divides over Ac for all i, 

^{x,bj) strongly divides over Ad for all j 

Since if{x, a) A ip{x, b) is consistent with p, it is clear from ^ that the conjunction ipi{x, Oj) A 
bj) is consistent with p for some By monotonicity of Jj-forking independence we know 
that (ii J^^^j so ([2]) implies that {(p{x,ai),^p{x,bj)), A is a witness for cc-t)-dividing. 

(ii) ^ (iii). Once again we will prove the case n = 2. 
Let 

{ipi{x,a),'ilj{x,b)},A 

be a 2 — cc-t)-dividing witness for p. Let D' and E' be supersets of A such that (/^(x, a) strong 
divides over D' and ip{x,b) strong divides over E'. Since a J^|^& we can, by extension (as in 
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the proof of (i) ^(ii)), find D^E satisfy types tp{D'/Aa) and tp{E'/Ab) respectively and such 
that aD ±,^^bE; so in particular if{x,a) strong divides over D and ip{x,b) strong divides over 
E, a ±^^E,b l^D, s.nd a ±^^^^b. _ 

Since by definition a ad{D) and b ^ acl(i?) we get that a,b ^ a.cl{ED): e.g., a ^ acl{D), 
but a D, so o ^ acl(^D). 

So 

ip{x,a) strongly divides over EU D, 
(3) il^{x,b) strongly divides over EU D, 

Let B := Due and let p{x, B, a, b) be a non-t)-forking extension oip{x) U {^{x, a) U il^{x, b)} 
and let p{x,B) be the restriction of p{x, B,a,b) to B. All the conditions in the definition of 
2 — cc-strong dividing are satisfied which completes the proof of the theorem. □ 
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